Abstract: The graviton 1-loop partition function in Euclidean topologically massive gravity (TMG) is calculated using heat kernel techniques. The partition function does not factorize holomorphically, and at the chiral point it has the structure expected from a logarithmic conformal field theory. This gives strong evidence for the proposal that the dual conformal field theory to TMG at the chiral point is indeed logarithmic. We also generalize our results to new massive gravity.
Introduction
There are many reasons to believe that quantum gravity will have its simplest realization in negatively curved AdS spaces. For instance, gravity in positively curved de Sitter space is most likely metastable at best. Furthermore AdS gravity is often dual to a conformal field theory (CFT) which defines a well-defined quantum system. In 2007 Witten exploited the intriguing idea of finding a CFT dual to 3-dimensional Einstein gravity with negative cosmological constant, and conjectured this dual CFT to be extremal [1] . Subsequently, Maloney and Witten calculated the gravtion 1-loop partition function of this theory [2] , but their result did not factorize into left-and right-moving contributions, thereby violating one of the assumptions of the original proposal [1] . It also did not seem to give rise to a sensible CFT partition function. The original proposal of Witten was furthermore in conflict with a conformal field theory argument that suggested that extremal CFTs cannot exist for large central charges [3] .
Soon after Witten's proposal Li, Song and Strominger [4] considered a slightly modified version of Witten's setup by replacing Einstein gravity with 'chiral gravity' [4] , i.e. topologically massive gravity (TMG) [5, 6] for a specific value of the coupling constant. The distinguishing feature of this theory is that one of the two central charges vanishes, while the other is still non-zero. This suggests that the partition function might factorize into a trivial left-and a non-trivial right-moving contribution [7] . TMG is a 3-dimensional theory of gravity with many intriguing features. For example, TMG exhibits massive gravity waves, black hole solutions [8] , solutions that asymptote to AdS as well as solutions with different asymptotic behavior, like squashed/stretched AdS or spacetimes with asymptotic Schrödinger scaling. Many interesting results have been obtained at the classical level, see e.g. [9] and references therein for a summary of exact solutions, and [10] for all stationary axi-symmetric solutions.
Again, soon after the proposal of Li, Song and Strominger [4] , it was conjectured that the dual CFT for TMG at the chiral (or critical) point is in fact not chiral, but logarithmic [11] . This conjecture was originally based upon the discovery of a nontrivial Jordan cell structure typical for logarithmic CFTs (LCFTs), see e.g. [12] [13] [14] . Evidence in its favor was later provided by checking 2-and 3-point correlators [15, 16] .
One way to decide between these different options is to actually calculate the partition function of TMG from first principles, and to compare it to the CFT partition functions of the proposed duals. The full partition function Z consists (at least) of two parts, a classical contribution Z cl and a 1-loop contribution that we denote by
It was argued that the result (1.1) coincides with the exact result [2, 7] . Assuming this, the calculation of the full partition function reduces to a 1-loop calculation for which the tools have already been developed [17, 18] 1 . In this paper we calculate the 1-loop partition function Z TMG for TMG with AdS boundary conditions from first principles. At the critical point we find that
In particular, the expression is not chiral. Furthermore, as we shall explain in detail, it agrees precisely with what one would expect from a logarithmic conformal field theory of the type proposed in [11] . Our calculation gives therefore strong support to the idea that the dual of TMG at the critical point is indeed logarithmic. Finally, we also apply our methods to another 3-dimensional theory, namely new massive gravity (NMG) [23] . This paper is organized as follows: in section 2 we set the stage for the calculation of the 1-loop partition function. The gauge fixing procedure and the calculation of the ghost determinant is explained in section 3. We then apply these results in section 4 to calculate the 1-loop partition function Z TMG . Finally, we discuss in section 5 our results and compare them with CFT partition functions. The generalization to NMG is explained in appendix A, and appendix B provides the details of a combinatorical argument needed for the interpretation of the dual LCFT.
Preliminaries
The action of cosmological topologically massive gravity for Euclidean signature reads
The gravitational coupling constant is given by κ 2 = 16πG N , where G N is Newton's constant. We assume for definiteness that the AdS radius ℓ and the Chern-Simons coupling constant µ are both positive. The critical point arises if these constants are tuned as follows.
Critical point:
The second variation of the action (2.1) is given by
where h µν is a small fluctuation around an AdS background
The fluctuations h µν can be decomposed into transverse traceless h T T µν , trace h, and gauge parts ∇ (µ ξ ν)
By definition h
It is easy to show that trace modes are zero modes ofD, gauge modes are zero modes of L, andD maps gauge modes to gauge modes. However, L does not map trace modes to trace modes.
Our aim is to calculate the 1-loop partition function
Here 'ghost' refers to all ghost determinants produced by elimination of the gauge degrees of freedom. We shall explain below how these contributions are determined. The path integral is taken over all smooth fluctuations h µν around the AdS background that are compatible with asymptotic AdS behavior. More precisely, we assume that the background geometry is thermal Euclidean AdS 3 , which is the M 0,1 geometry in the notation of [2] 2 . In the 1-loop calculations below this is implicit in the definition of the determinants. Our main technical tools to determine the 1-loop partition (2.8) are zeta-function regularization and heat kernel techniques [24] .
Gauge fixing and ghost determinant
The action (2.3) is third order in derivatives. Therefore, a suitable gauge-fixing term should also be third order. Dealing with such gauge-fixing terms is not convenient. Instead, we use an approach based on an explicit separation of the gauge modes. This method is equivalent in effect to imposing the strong condition ξ µ = 0 on the fluctuations. In the context of quantum gravity on de Sitter space such a procedure was used, e.g., in [25, 26] , where one can find further references and details.
In terms of the decomposition (2.7) the quadratic action (2.3) takes the form
Due to gauge invariance the action (3.1) does not contain ξ. Thus, the functional integral over gauge degrees of freedom represented by ξ in the measure can be performed trivially. It yields the volume of the gauge group, the diffeomorphism group, which is an infinite constant and has to be eliminated. This works as follows. The path integral measure is divided by the volume of the gauge group to avoid double counting of gauge-equivalent configurations. It is convenient to express this division by the gauge group volume in terms of a (Faddeev-Popov) ghost determinant. The ghost determinant then is given by the Jacobian factor corresponding to the change of variables h µν → (h T T µν , h, ξ µ ),
The path integral measures for tensor, vector, and scalar fields are defined by the equations
Here ., . are ultralocal invariant scalar products
The vector field ξ µ can be decomposed into a transverse ξ T µ and a scalar part σ
By definition ∇ µ ξ T µ = 0. The Jacobian factor J 1 corresponding to the change of variables Dξ µ → Dξ T µ Dσ can be calculated from the definition (3.4)
where the subscript 0 means that the determinant is calculated for scalar fields. We conclude that
It is convenient to shift the trace part as h → h − 2∇ 2 σ. This change of variables produces a unit Jacobian factor. The decomposition of the metric then reads as
The decomposition (3.12) is orthogonal with respect to the inner product (3.6). The Jacobian factor induced by the change of the variables h µν → (h T T , h, ξ T , σ) can be calculated in the same way as above 14) where the subscripts 1 and 0 refer to vector and scalar fields, respectively. The ghost factor (3.2) in the path integral is then determined by the ratio of the Jacobians (3.14) and (3.11)
To derive (3.15) we factorized a determinant of a product of two scalar operators into a product of two determinants. In the infinite dimensional case det(AB) need not coincide with the product det(A) · det(B) if one defines all three determinants independently (e.g., through the zeta function). However, one can define determinants of higher order operators by reducing them to products of lower order operators. This is the usual rule of the game in quantum gravity (see [26] ), which ensures gauge independence among other nice properties. Besides, even if det(AB) and det(A) · det(B) are both defined independently through corresponding zeta functions, the difference between the determinant of the product and the product of determinants (the socalled multiplicative anomaly) typically vanishes in odd dimensions [27] . Summarizing our results so far, the partition function reads
with the ghost determinant given in (3.15) and the quadratic action given in (3.1).
Let us now comment on the use of more conventional gauge-fixing procedures. Consider a gauge-fixing delta function δ((F h) µ ), where F is some operator. In the path integral measure this delta function has to be accompanied by the compensating determinant (det H), which is defined through a linearized gauge transformation of the gauge-fixing condition, Hξ = F h(h T T = 0, h = 0, ξ). Thus, we have
where we used (3.2) and then integrated over ξ. The result, as expected, coincides with (3.16), which was obtained by more economic methods.
Topologically massive gravity 1-loop partition function
We can now apply the result of the previous section to the case of primary interest, topologically massive gravity. First we deal with the trace part of the metric. With our choice of the overall sign of the action (3.1) the path integral over h in (3.16) is convergent without any complex rotations. This integral produces a factor of
. This leaves us with the contribution from the integration over h T T . The operator acting on the h T T modes in the action (3.1) can be factorized as
The operatorD is a symmetric (formally selfadjoint) and even elliptic operator when restricted to the T T modes. Let λ j denote the eigenvalues of
, and hence all Λ j have a positive real part. Therefore, the integral over each eigenmode converges giving Λ −1/2 j . Finally, by collecting the contributions from all T T modes and the trace modes, we obtain from (3.1)
Including the ghost factor (3.15) we then get for the full 1-loop partition function (3.16) of TMG
Here the superscript 'T ' in the numerator denotes restriction to transverse vector modes.
Before we evaluate Z TMG further let us note that for the case of Einstein gravity the same calculation would have led to
since Einstein gravity is obtained from TMG upon taking the (formal) limit µ → ∞, which amounts to neglecting iD M in (4.2). The result (4.3) agrees with what was derived earlier in [17, 18] . This is a nice consistency check of our method.
Returning to TMG at generic values of µ, we can now factor the determinant in the denominator of (4.2), and write the one-loop partition function as
The fact that the TMG 1-loop partition function contains the Einstein part as a factor makes also sense physically since TMG has the same fluctuations, ghost-and gauge-fixing terms as in Einstein gravity. The remaining factor takes into account massive graviton fluctuations. In order to evaluate this term let us consider its absolute value
where bar means complex conjugation. Now we observe that
where h
g µν h is the traceless part of the metric fluctuations. With the help of the identity (4.6) we obtain
where δm 2 = µ 2 − 1/ℓ 2 . To evaluate the determinant (4.7) we finally use the heat kernel methods and the results of [18] . According to [17, 18] the heat kernel of (−∇ 2 )
where, for convenience, we put ℓ = 1. We also use the same notations and conventions as in [18] , in particular
The quantities 2πτ 1 and 2πτ 2 are equivalent to the angular potential θ and inverse temperature β, respectively. The determinant (4.7) is then expressed as an integral of the heat kernel. 10) where the effective mass is, in our case, equal to m 2 = −2 + δm 2 . The integral over t can now be performed straightforwardly
The dependence of the determinant (4.7) on the overall scale µ −2 is given by the global scale anomaly. In the ζ-regularization this anomaly is the t 0 term in the short-t asymptotics of the heat kernel, and this term vanishes in our case. Therefore, (4.12) is indeed the final answer for the absolute value of the contribution to the partition function Z M .
Knowing the absolute value of the partition function Z M we can now make an educated guess for its phase. We confine ourselves to the critical point (2.2). Rewriting ln |Z M | = lnZ M it is suggestive from the second line of (4.12) that the correct result for the partition function Z M at the critical point is given by
Even at the critical point the TMG 1-loop partition function (4.13) depends on both q andq. It is therefore not chiral as opposed to the classical 'chiral gravity' partition function [7] 
14)
The fact that the massive graviton determinant (4.12) is non-trivial may seem surprising, since in Euclidean signature there are no classical solutions leading to real metrics that contain massive graviton excitations [7] . In other words, the zero spectrum of the operator
Thus, the Wick rotation from Minkowski to Euclidean signature eliminates many classical solutions if we insist on real metrics. However, in the quantum case we have to find an eigenspectrum of the same operator in the space of real square-integrable fluctuations. The latter condition yields complex eigenvalues, but the right number of them, i.e., the same number as in the Minkowski case. In this sense the Wick rotation may be ill-defined classically, but well-defined for 1-loop calculations.
At the critical point (2.2) there is also another subtlety that should be mentioned.
It concerns the split of the determinant det (D
, which, as was mentioned before, may not hold for operators on infinite dimensional spaces. In particular, zero modes have to be excluded from the determinants and treated separately, and this may spoil the factorization. This is precisely what happens in the Minkowski signature TMG at the critical point, but does not appear for the Euclidean signature, as we have discussed above. Note, that one does not expect in general a mode-by-mode correspondence between the Minkowski and Euclidean spectra, though there is a correspondence at the level of partition functions 3 . Another potential source of troubles are the UV divergences in the determinants. However, in odd dimensions the zeta-regularized determinants are finite, and, therefore, the multiplicative anomaly vanishes [27] .
In any case, we shall now assume that (4.13) is the correct 1-loop partition function at the chiral point, and study the implications of it. In particular, we want to show that (4.13) has a very natural interpretation in terms of a dual LCFT as originally proposed in [11] .
Discussion and comparison with CFT partition functions
In order to explain the relation between the 1-loop partition function and the partition function of the dual conformal field theory let us first recall how this worked for the case of Einstein gravity. For Einstein gravity we need to evaluate the determinants that appear in (4.3) . In addition to the formula for the spin two heat kernel (4.8) we also need the expression for the vector hear kernel [17, 18] 
where we have used the same conventions as above. Altogether this then leads to
Exponentiating the result (5.2) and using the power series expansion of ln(1 − q n ) we then obtain
From the dual conformal field theory point of view, this is just the partition function of the Virasoro vacuum representation. Note that (5.3) factorizes holomorphically, although this is not manifest from the first equation in (5.2). Indeed, it is only the combined contribution from the tensor and the vector part (the difference of the two terms in the first equation in (5.2)) that factorizes. At the critical point µℓ = 1, we can similarly determine the contribution to the partition function coming from Z M . Using
where we have used the geometric series expansion in the first line, we obtain
Note that this partition function does not factorize holomorphically. Technically this comes from the fact that now there is only a tensor contribution to the determinant Z M , but no vector contribution as for Einstein gravity. The absence of an additional vector part coming from the gauge symmetries is not surprising, but merely a consequence of the fact that we have only one set of diffeomorphisms that can act on our fluctuations.
The complete 1-loop partition function (5.5) should now be compared to the partition function of the logarithmic conformal field theory proposed in [11] . The left-moving central charge of this conformal field theory vanishes, c L = 0, and the right-moving central charge is non-vanishing, c R = 3ℓ/G N . The left-moving stress energy tensor T (z) has a logarithmic partner t(z), satisfying
where Ω is the ground-state vacuum of the LCFT. Here we have used that T = L −2 Ω which also implies that L 2 T = 0. Moreover, T and t are annihilated by all positivē L n modes, as well as by all modes L n with n ≥ 3. Finally, the consistency of the LCFT, in particular locality, implies that L 0 −L 0 is diagonalizable, and thus
The structure of the low-lying states can therefore be summarized by the diagram
In addition there is the right-moving stress energy tensorT =L −2 Ω that satisfies the usual properties of the holomorphic flux component of a CFT stress energy tensor. In order to determine the contribution of the above states to the partition function we first consider the subset of those states that are descendants of Ω. As is clear from the above diagram, they are unaffected by the presence of t, and are hence counted by the usual Virasoro partition function
(5.10)
The remaining states are therefore descendants of t that are not already descendants of Ω. It follows from the above relations that the positive modes L n andL n with n > 0 either annihilate t, or map it to Ω. Furthermore, (L 0 − 2) andL 0 map t to a descendant of Ω, namely T = L −2 Ω. Thus we only need to consider the descendants of t by negative modes. Since t is a logarithmic mode it is neither annihilated by L −1 nor byL −1 . Thus the additional contribution is simply
where the overall factor of q 2 comes from the fact that t has eigenvalue (2, 0) under the diagonal part of (L 0 ,L 0 ).
The total partition function of the Virasoro descendants of the above states is then
This is now to be compared with the TMG partition function (5.5). To see how the two results fit together we first observe that the first factor that equals Z Ω agrees in both cases. It describes the contribution of the usual boundary gravitons corresponding to T andT . Note that the term proportional to q nl in
denotes the contribution of the multi-graviton corresponding to L l −n , and similarly for
The remaining factor in (5.5) should therefore describe the multi-particle excitations corresponding to t. On the LCFT side we do not reproduce this full factor since the LCFT partition function (5.12) only takes into account Virasoro descendants of t, but does not include any multi-particle t-excitations. Indeed, t is not really part of the chiral algebra (or vertex operator algebra) since it is a non-chiral logarithmic field, and as a consequence we do not know how to introduce modes for it or calculate the commutation relations, etc. Thus the LCFT partition function can only be compared to the single-particle t-excitations of (5.5). In the spirit of (5.13) these are the terms where we only keep the linear term of each denominator, 4 i.e.
(5.14)
The single particle term now agrees perfectly with (5.12) since
Obviously, the multiparticle terms in (5.14) also have a good LCFT interpretation: they describe additional (non-chiral) representations one has to add to the theory in order to make it consistent. (In particular, these will be the states that are produced in OPEs of t with itself, etc.) This is indeed consistent since we can write
Alternatively, these terms are just the n = 1 contribution of (4.13).
where the last term describes the character of the (h,h) representation of the Virasoro algebra, and N h,h is the multiplicity with which this representation occurs. We have checked explicitly that the first few coefficients N h,h are indeed non-negative integers, see Table 1 . This can also be done analytically; a simple combinatorial argument is sketched in appendix B. Table 1 : Coefficients N h,h for h < 18 andh < 14
The heat kernel 1-loop calculation in TMG thus leads to a result that is perfectly consistent with the proposal of [11] that the dual conformal field theory is logarithmic. This provides strong support in favor of this claim.
A. Generalization to new massive gravity
The analysis for TMG can also be easily generalized to the case of NMG, as we shall now explain. At the critical point -the tuning of parameters in the action where both central charges vanish -the quadratic action for NMG reads [23] 
where G µν is the linearized Einstein tensor including the cosmological constant, G µν (k) = (Lk) µν , see (2.6). The choice of the overall sign in Euclidean space will become clear below. Let us expand the metric fluctuations h µν and the auxiliary field fluctuations k µν in the T T , vector, and trace parts (A.
3)
The first term in the action (A.1) reads similar to (3.1)
The integration over h T T and h produces delta functions for k T T andk, together with corresponding determinants. The integration over the gauge modes ξ µ is done trivially. One then finds
where S(v) is the second term in (A.1) with the substitution k µν → 2∇ (µ v ν) . It is convenient to decompose v µ in transversal and longitudinal parts as
The measure transforms as in (3.11),
while the action reads
With these preparations we can now perform the remaining integrations. Note that with our choice of the overall sign in the action (A.1) both integrals, over v T and u, are of decaying exponents. The integration over u produces a scalar determinant which cancels the Jacobian factor J 1 in (A.6). The integral over v T yields
Collecting together everything we then obtain Z NMG (crit) = Z in complete analogy to the discussion in section 5. Again all multiplicity coefficients N h,h in the expression that is analogous to (5.16) turn out to be positive. The corresponding combinatorial counting argument is essentially the same as the one presented in appendix B below. This provides a fairly non-trivial check on the validity of the LCFT conjecture for NMG at the critical point.
B. A combinatorial counting argument
In this appendix we show that the coefficients N h,h defined in ( At least for h ≥ 3,h ≥ 2, it then follows that also the coefficientsB(h,h) are nonngeative, since for every pair of partitions counted by B(h − 1,h) and B(h,h − 1), there is a partition counted by B(h,h), and the partitions that arise simultaneously from both B(h − 1,h) and B(h,h − 1) are counted by B(h − 1,h − 1). The function that appears in (5.16) differs fromD by some low order terms, so the above argument proves that the coefficients N h,h are non-negative for h ≥ 3 andh ≥ 2. Together with the explicit formulas in table 1 this then proves that all N h,h are indeed non-negative.
